
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 25, No. 5, September–October 2002

In-Space Calibration of a Skewed Gyro Quadruplet

Itzhack Y. Bar-Itzhack¤ and Richard R. Harman†

NASA Goddard Space Flight Center, Greenbelt, Maryland 20771

Anew approachtogyro calibrationis presented, where thespacecraft dynamicsequation,attitudemeasurements,
and the gyro outputs are used in a pseudolinear Kalman � lter that estimates the calibration parameters. Also an
algorithm is presented for calibrating a skewed quadruplet rather than the customary triad gyro set aligned
along the body coordinate axes. In particular, a new misalignment error model is derived for this case. The
new calibration algorithm is applied to the EOS-AQUA satellite gyros. The effectiveness of the new algorithm is
demonstrated through simulations.

Introduction

G YRO calibration, as well as calibration of other instruments,
includes two stages. During the � rst stage, the instrument er-

ror parameters are estimated, and in the second stage, those errors
are continuously removed from the gyro readings. In the classical
approach to gyro calibration, the gyro outputs are used to maintain
or compute body orientation rather than used as measurements in
the context of � ltering. In inertial navigation, for example,1 gyro
errors cause erroneous computation of velocity and position, and
then when the latter are compared to measured velocity and posi-
tion, a great portion of the computed velocity and position errors
can be determined.The latter errors are then fed into a Kalman � lter
(KF) that uses the inertial navigation system error model to infer
the gyro errors. Similarly, when applying the classical approach to
spacecraft (SC) attitude determination, the gyro outputs are used to
compute the attitude, and then the attitudemeasurements2;3 are used
to determine the attitude errors, which again using a KF indicates
what the gyro errors are.

Several ways of treating gyro calibration have been presented
in the literature.4¡6 In the approach adopted in this work, the gyro
outputs are used as angular rate measurements and are compared to
estimated angular rates. However, this approachrequires the knowl-
edge of the angular rate. In the past,7 the estimated angular rate was
computed in a rather simplistic way, assuming basically that the
rate was constant. In the present work, the estimated angular rate is
derived using a KF whose input can be any kind of attitude mea-
surement; therefore, the angular rate experienced by the SC can be
continuously changing, and yet a good estimate of the rate, neces-
sary for calibration, can be obtained.

The calibration algorithm presented in this work was derived for
a set of quadrupletgyros. This required the derivationof a new error
model, particularlyfor the gyro misalignments.The new calibration
algorithmwas applied to the gyro packageof the EOS-AQUA satel-
lite. The latter consists of four gyros, which are given the task of
measuring the three components of the SC angular velocity vector
resolved in the body Cartesian coordinates.
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In the next section, the gyro error model is derived. The section
that follows presents an algorithmfor computing the calibrationpa-
rameterswhen the rate is known, and then in the section that follows,
we present the same when the rates are unknown. In the following
section, we present the compensation procedure that needs to take
place to complete the calibrationprocess, and in the subsequentsec-
tion, we present simulation results. Finally, in the last section, the
conclusions are presented.

Gyro Error Model
The gyro errors that are consideredin this work are misalignment,

scale factor error, and bias (constantdrift rate). The gyro errormodel
is basically a linear model, which associates small error sources
to the gyro outputs. Because of the linearity of the model we can
compute the contribution of each error source independently and
then sum up all of the contributions into one linear model.

We start the description of the error model, by deriving the ex-
pression for the gyro misalignments.

Misalignment Model
The assumed direction of the sensitive axis of gyro j , which

is one of the four gyros, is presented in Fig. 1, where the body
coordinate axes are also presented and are denoted by X, Y, and Z.
The orientation of this gyro is expressed by a vector of unit length
in the direction of the gyro sensitive axis. The direction of this unit
vector in the body coordinates is expressed by its three direction
cosines, which are identical to its components when the unit vector
is resolved in the body coordinates. These components are c j1; c j2,
and c j3. Inasmuch as they are direction cosines, or equivalently,
components of a unit vector, the sum of their squares adds up to 1,
that is,

c2
j1 C c2

j2 C c2
j3 D 1 (1)

The rate that this gyro reads is the projection of the angular ve-
locity vector on this unit vector. If we express the angular velocity
vector in the body coordinates, where its components are !x ; !y ,
and !z, then this projection is given by

1 j ¢ !b D c j1!x C c j2!y C c j3!z (2a)

where 1 j is the unit vector along the j th gyro sensitive axis and !b

is the angular rate vector. The nominal (errorless) reading of this
gyro is then

G jn D c j1!x C c j2!y C c j3!z D [c j1 c j2 c j3]

2

4
!x

!y

!z

3

5 (2b)

where the subscript n denotes the nominal or design value. Com-
bining all four gyros, we obtain

852
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Fig. 1 Geometry of assumed and actual direction of the gyro input
axis.

Fig. 2 Gyro con� guration in the EOS-AQUA satellite.
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De� ne

GT
n D [G1n G2n G3n G4n] (3b)

C D
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3
775 (3c)

Equation (3a) can be written as

Gn D C!b (4)

In the EOS-AQUA satellite, the gyro con� guration is as shown in
Fig. 2, where, as mentioned before, X; Y, and Z are the axes of the
body frame. The C matrix in this case is
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(5)

Note that the vector described by each row is of unit length as it
should be [see Eq. (1)].

Because of misalignment, the sensitive axis of each gyro may
actually point at a slightly different direction than the assumed one.
This is shown in Fig. 1, where the components of this direction

Fig. 3 Transformation from the G2 body to gyro coordinates.

(which is still a unit vector) are d j1; d j2, and d j3, respectively.When
the steps that led to the development of the nominal gyro reading
presented in Eq. (2b) are followed, the actual gyro reading is found
to be

G ja D d j1!x C d j2!y C d j3!z D [d j1 d j2 d j3]

2

4
!x

!y

!z

3

5 (6)

where the subscript a denotes an actual value. The difference 1G j

between the readingof the j th gyro and its assumednominalreading
is computable using Eqs. (2b) and (6) as follows:

1Gm
j D G ja ¡ G jn D [d j1 ¡ c j1 d j2 ¡ c j2 d j3 ¡ c j3]

2

4
!x

!y

!z

3

5

(7)

where thesuperscriptm denotesthat theerrorisdueto misalignment.
We denote by m ji the differencesd j1 ¡ c j1, d j2 ¡ c j2 , and d j3 ¡ c j3

as follows:

m j1 D d j1 ¡ c j1 (8a)

m j2 D d j2 ¡ c j2 (8b)

m j3 D d j3 ¡ c j3 (8c)

Using Eqs. (8), we can write Eq. (7) as follows:

1Gm
j D [!x !y !z]

2

4
m j1

m j2

m j3

3

5 (9)

The m ji differences are shown in Fig. 1. Actually only two of the
m j i of each gyro are independent.This results from that the nominal
as well as the actual directions of the gyros are given by vectors of
unit length. For a reason that will become clear later, let us choose
to present the third component of m j by the � rst two, that is, we
expressm j3 , the misalignmentalong the sensitiveaxis, as a function
of m j1 and m j2 . Because, similarly to Eq. (1), it is also true that

d2
j1 C d2

j2 C d2
j3 D 1 (10)

then using this relation and Eq. (8c), we can write

m j3 D
q

1 ¡ d2
j1 ¡ d2

j2 ¡
q

1 ¡ c2
j1 ¡ c2

j2 (11)

For the case described by the fourth gyro (G4 in Fig. 3), the
nominal direction of the gyro sensitive axis is along the Z axis;
therefore, c41 D c42 D 0. Then from Eqs. (8a) and (8b),

m41 D d41 (12a)

m42 D d42 (12b)
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and from Eq. (11),

m43 D
p

1 ¡ d2
41 ¡ d2

42 ¡ 1 (13)

In the case where the misalignmentsare small, d2
41 and d2

42 are small,
too. Therefore, we can expand the square root function of Eq. (11)
in a Taylor series as follows:

p
1 ¡ d2

41 ¡ d2
42 ¼ 1 ¡ 1

2
d2

41 ¡ 1
2
d2

42 (14)

(Note that the linear term of the series vanishes.) Substitutionof the
last equation into Eq. (13) yields

m43 D ¡ 1
2
d2

41 ¡ 1
2
d2

42 D ¡ 1
2
m2

41 ¡ 1
2
m2

42 (15)

When d41 and d42 are indeed small, such as this case, then m43 is
negligible with respect to m41 and m42 . Then using Eqs. (12), we
can write

2

4
m41

m42

m43

3

5 D

2

4
1 0

0 1

0 0

3

5
µ

d41

d42

¶
(16)

It is the choice to express the componentof m j , which lies along the
gyro sensitive axis (in this case m43) that enables its elimination.

For gyros whose sensitive axes are not aligned along one of
the body axes, the computation is more elaborate. Consider, for
example, G2, the second gyro of the EOS-AQUA satellite.To de� ne
its misalignment in the body coordinates, let us de� ne a coordinate
system in which the nominal gyro sensitive axis is aligned along
one of its axes. Such a system (X00, Y 00, Z00) is presented in Fig. 3,
where the sensitive axis of the G2 gyro is aligned along the system
Y 00 axis. Following the preceding development for the G4 gyro, we
conclude that

m 00
21 D d 00

21 (17a)

m 00
23 D d 00

23 (17b)

m 00
22 D ¡ 1

2
d 002

21 ¡ 1
2
d 002

23 D ¡ 1
2
m 002

21 ¡ 1
2
m 002

23 (17c)

(The double prime sign denotes that the values are expressed in
the X00; Y00, and Z00 coordinate system.) Here, too, the misalignment
along the sensitive axis m 00

22 is normally negligible.To compute the
misalignment error in the gyro reading, we have to use Eq. (9),
where the angular rate vector is transformed to the double-prime
coordinatesystem, and the misalignmentparametersare thosegiven
in Eqs. (17a) and (17b). As shown in Fig. 3, the transformation
from the body to the double-primecoordinates is performedby two
rotations. The � rst rotation is by an angle ® about the Z axis, and
the second is by an angle ¡¯ about the X0 axis. (Note that with this
sign de� nition the numerical value of ¯ has to be positive for this
geometry.) The resultingtransformationmatrix from the body to the
G2 coordinates is, therefore,

Rb
2 D

2

4
c® s® 0

¡s® ¢ c¯ c® ¢ c¯ ¡s¯

¡s® ¢ s¯ c® ¢ s¯ c¯

3

5 (18)

!2 D Rb
2!b (19)

when Eq. (9) is followed and Eqs. (17a–17c) are used,

1Gm
2 D

£
Rb

2!b

¤T
d00

2¤ D !T
b R2

bd00
2¤ (20)

where

[d00
2¤ ]T D [d 00

21 0 d 00
23] (21)

It is easy to see that

R2
bd00

2¤ D

2

4
c® ¡s® ¢ s¯

s® c® ¢ s¯

0 c¯

3

5
µ

d 00
21

d 00
23

¶
(22)

Fig. 4 De� nition of the rotation angles ® and ¯.

De� ne

E2 D

2

4
c® ¡s® ¢ s¯

s® c® ¢ s¯

0 c¯

3

5 (23a)

d2 D
µ

d 00
21

d 00
23

¶
(23b)

then Eq. (20) can be written as

1Gm
2 D !T

b E2d2 (24)

To evaluate E2 , we need to compute the angles ® and ¯ . For this we
turn to Fig. 4, where these angles are de� ned by the projection of
the G2 direction on the body axes. From Fig. 4, we conclude that

® D tan¡1.jc21=c22j/ (25a)

¯ D cos¡1
¡p

c2
21 C c2

22

¯
1
¢

D cos¡1
¡p

c2
21 C c2

22

¢
(25b)

Using the EOS-AQUA satellite values [see Eqs. (4) and (5)], we
obtain

® D tan¡1.jc21=c22j/ D tan¡1
¡p

1
6

¯p
1
2

¢

D tan¡1
¡
1
¯p

3
¢

D 30 deg (25c)

¯ D cos¡1
¡p

c2
21 C c2

22

¢
D cos¡1

¡p
1
6

C 1
2

¢

D cos¡1
¡p

2
3

¢
D 35:26 deg (25d)

Because of the symmetry between the positioning of the G2 and
the G3 gyros, it is easy to see that, when considering G3 , the � rst
rotation is about the body Z axis by the angle ¼ –® and then about
the X0 axis by the angle ¡¯ . Therefore,

Rb
3 D

2

4
¡c® s® 0

¡s® ¢ c¯ ¡c® ¢ c¯ ¡s¯

¡s® ¢ s¯ ¡c® ¢ s¯ c¯

3

5 (26)

and similarly to Eq. (19), for this transformationwe obtain

!3 D Rb
3!b (27)

and then, following Eq. (20),

1Gm
3 D

£
Rb

3!b

¤T
d00

3¤ D !T
b R3

bd00
3¤ (28)

where

[d00
3¤ ]T D

£
d 00

31 0 d 00
33

¤
(29)

It is easy to see that

R3
bd00

3¤ D

2

4
¡c® ¡s® ¢ s¯

s® ¡c® ¢ s¯

0 c¯

3

5
µ

d 00
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d 00
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¶
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De� ne

E3 D

2

4
¡c® ¡s® ¢ s¯

s® ¡c® ¢ s¯

0 c¯

3

5 (31a)

d3 D
µ

d 00
31

d 00
33

¶
(31b)

then Eq. (28) can be written as

1Gm
3 D !T

b E3d3 (32)

For the G1 gyro,we haveonly one rotation,which brings the body
X axis into coincidencewith the G1 gyro sensitiveaxis (Fig. 2). It is
about the Y axis by an angle, which we denote by ° . For this gyro,
we have then

Rb
1 D

2

4
c° 0 ¡s°

0 1 0

s° 0 c°

3

5 (33)

and the angular rate in coordinate system 1 is then

!1 D Rb
1!b (34)

thus,

1Gm
1 D

£
Rb

1!b

¤T
d 00

1¤ D !T
b R1

bd0
1¤ (35)

where

[d0
1¤ ]T D [0 d 0

12 d 0
13] (36)

We denote the misalignment parameters of this gyro by a single
prime because it takes only one rotation (to a single-prime system)
to align the coordinate axis with the nominal sensitive axis of the
G1 gyro. Note that here the misalignments that are not negligible
are d 0

12 and d 0
13, and it is easy to see that

R1
bd00

1¤ D

2

4
0 ¡s°

1 0

0 c°

3

5
µ

d 0
12

d 0
13

¶
(37)

De� ne

E1 D

2

4
0 ¡s°

1 0

0 c°

3

5 (38a)

d1 D
µ

d 00
12

d 00
13

¶
(38b)

then Eq. (35) can be written as

1Gm
1 D !T

b E1d1 (39)

From Fig. 2, it is easy to see that the rotation angle ° is computable
as follows:

° D sin¡1.jc13j=1/ D sin¡1
¡p

1
3

¢
D 35:26 deg (40)

Similarly to the computations carried out for the misalignment
errors for gyros 1, 2, and 3, we can write for gyro 4

1Gm
4 D !T

b E4d4 (41)

where, based on Eq. (16),

E4 D

2

4
1 0

0 1

0 0

3

5 (42a)

d4 D
µ

d41

d42

¶
(42b)

Let

[1Gm]T D
£
1Gm

1 1Gm
2 1Gm

3 1Gm
4

¤
(43a)

Äm D
2

6664

!x !y !z 0 0 0 0 0 0 0 0 0

0 0 0 !x !y !z 0 0 0 0 0 0

0 0 0 0 0 0 !x !y !z 0 0 0

0 0 0 0 0 0 0 0 0 !x !y !z

3

7775

(43b)

E D

2

664

E1 0 0 0

0 E2 0 0

0 0 E3 0

0 0 0 E4

3

775 (43c)

dT D
£
dT

1 dT
2 dT

3 dT
4

¤
(43d)

Then Eqs. (39), (24), (32), and (41) can be uni� ed into the following
single equation:

1Gm D Äm Ed (44)

In the Appendix, we apply the general misalignment model pre-
sentedhere to a specialcase where the gyro sensitiveaxes are placed
along the body axes and show that the obtained results are the well-
known results for this case.

Scale Factor Error Model
As mentioned, another error source that causes the difference

between the correct value of the rates and their measurements is
the scale factor errors. The error model for the scale factor error is
simply

1Gk D

2

664

!G1k1

!G2k2

!G3k3

!G4k4

3

775 (45)

where the superscript k denotes that this error is caused by gyro
scale factor error; !Gi ; i D 1–4, is the angular velocity measured by
gyro number i ; and ki is the scale factor errorof thatgyro.The actual
components !Gi are obtained by transforming the angular velocity
expressedin bodycoordinatesto theactualmisalignedgyrosensitive
axes using the matrix D [the j th row of D is shown in Eq. (6)];
however, because D is unknown to us, we use instead the matrix C
that transforms the body rate to the nominal gyro axes and is close
enough to D. Thus, we use

2

664

!G1

!G2

!G3

!G4

3

775 D C

2

4
!x

!y

!z

3

5 (46)

where in the case of EOS-AQUA, C is as given in Eq. (5).
Equation (45) can be written as follows:

1Gk D

2
664

!G1 0 0 0

0 !G2 0 0

0 0 !G3 0

0 0 0 !G4

3
775

2
664

k1

k2

k3

k4

3
775 (47)

De� ne

Äk D

2

664

!G1 0 0 0

0 !G2 0 0

0 0 !G3 0

0 0 0 !G4

3

775 (48a)
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kT D [k1 k2 k3 k4] (48b)

then Eq. (47) can be written as

1Gk D Äk k (48c)

Bias Model
The bias error model is quite simple and is given by

b D

2

664

b1

b2

b3

b4

3

775 (49)

where bi is the bias of gyro number i .

Augmented Gyro Error Model
The totalgyro error is the sum of all of the errorsdiscussedbefore,

namely, misalignment, scale factor, and bias errors, that is,

1G D 1Gm C 1Gk C b (50a)

or using Eqs. (44) and (48c),

1G D Äm Ed C Äkk C b (50b)

The last equation can be written in the following form:

Ga ¡ C!b D
£
Äm E Äk I4

¤
2

4
d

k

b

3

5 (50c)

where I4 is a fourth-orderidentity matrix. As mentioned before, Gn

is the nominal angular velocity measured by the four gyros. The
left-hand side of the last equation as well as the matrix on the right-
hand side is a functionof the body angular rate !b . We denote them
as follows:

y.!b/ D Ga ¡ C!b (51a)

H .!b/ D
£
Äm E Äk I4

¤
(51b)

Also let

x D

2

4
d

k
b

3

5 (51c)

then Eq. (50c) can be written as

y.!b/ D H .!b/x (51d)

Calibration-Parameters Estimation for Known Rate
Our goal now is to estimate x, and for that we need to know the

angular rate, which the gyros are set to measure. We distinguish
between two major cases. One case is that where !b , the reference
SC angular velocity, is known, and the other case is that where
the rate is not known and has to be evaluated simultaneously with
the estimate of x. In the � rst case we also distinguish between the
deterministic and stochastic cases. All of these cases are discussed
next.

Deterministic Case
When the SC rotates at a certain angular rate and a one-time

measurement of the four gyro readings is taken at that time, which
we denote by tk , we obtain one matrix equation, as follows:

y.!b;k / D H .!b;k/x (52)

where !b;k is the angular rate at time tk . This yields 4 equations
for the 16 unknowns of x. If the rate does not change, then more
measurementsdo not change the equations.A change in the angular
rateof theSC is neededto generatemore equations.Note that, even if
we have 16 equations, it does not mean that they are all independent

and that we can solve for x. We have to design the pro� le of !b

and the times when measurements are taken in such a way that we
will be able to � nd 16 independent equations. Let us denote the 16
independent equations by one matrix equation as follows:

Qy D QHx (53)

Becausewe have16 independentequations, QH has an inverse;there-
fore, we can solve for x using

x D QH ¡1 Qy (54)

Stochastic Overdetermined Case
In this case, we assume that the measurements are contaminated

by noise, which is the most likely case. Therefore, the matrix equa-
tion that describes this case at time tk is

y.!b;k / D H .!b;k /x C vk (55)

Even if we � nd 16 independentequations from measurements done
at different time points, we still want to use more measurementsand
obtain x as a least-squares estimate. For n measurement points, we
have

2

66664

y.!b;1/

y.!b;2/

:::

y.!b;n/

3

77775
D

2

66664

H .!b;1/

H .!b;2/

:::

H .!b;n/

3

77775
x C

2
6664

v1

v2

:::

vn

3
7775

(56)

Let

Y D

2

66664

y.!b;1/

y.!b;2/

:::

y.!b;n/

3

77775
(57a)

H D

2

6664

H .!b;1/

H .!b;2/

:::
H .!b;n/

3

7775
(57b)

and let R be the covariance matrix of the noise vector
V D [vT

1 ¢ ¢ vT
n ]T then Ox, the weighted-least-squares estimate of

x, is as follows8:

Ox D .HTR¡1H/¡1HT R¡1Y (58)

The pro� le of !b has to be chosen in a careful way as to enhance
the observabilityof x.

Calibration-Parameters Estimation for Unknown Rate
In this case, we have to � nd the angular rate vector while esti-

mating the calibration parameters. The information that we have is
attitude information and gyro measurements. We need the attitude
information to estimate the angular rate, and we need the gyro mea-
surements, as well as the estimated angular rate, for the calibration
process. The attitude information can be supplied in various ways,
namely, we may have it in the form of raw vector measurements or
we may have it in an already processed form as attitude quaternion,
for example. The angular rate behaves according to the following
SC angular dynamics equation9:

P! D I ¡1[.I! C h/£]! C I ¡1.T ¡ Ph/ (59a)

where I is the SC inertia tensor, [.I! C h/£] is the cross-product
matrix of the vector .I! C h/, h is the angular momentum of the
momentum wheels, and T is the externaltorqueoperatingon the SC.
Because x is a constant vector, it obeys the following differential
equation:

Px D 0 (59b)



BAR-ITZHACK AND HARMAN 857

We are tempted to combine the last two equationsinto one dynamics
equation as follows:

µ
P!
Px

¶
D

µ
I ¡1[.I! C h/£] 0

0 0

¶µ
!

x

¶
C

µ
I ¡1.T ¡ Ph/

0

¶
(59c)

This dynamics model calls for the use of a KF. In fact, the most
appropriate � lter is the pseudolinear Kalman (PSELIKA) � lter.10

To � nd the suitable measurement equation, we turn to Eqs. (50c)
and (51b) from which it is obvious that

Ga D [C H .!/]

µ
!

x

¶
(60)

To apply the � lter algorithm, we need to add some process noise
to Eq. (59c) and some measurement noise to Eq. (60). The use
of the dynamics model of Eq. (59c) and the gyro measurements
Ga alone in a KF is not suf� cient for estimating x. The reason is
that to estimate x we need accurate knowledge of the true angular
velocity in addition to the angular velocity measurement supplied
by the gyros. Although the latter is available, the former cannot be
obtained accurately enough from the SC dynamics unless attitude
measurements are available. As mentioned, attitude can be given
in several ways, namely, it can be given in a raw form as vector
measurements or in processed attitudeparameters like a quaternion
or directioncosinematrix (DCM). Let us considertwo typicalcases,
one where attitude is representedby a processedquaternionand the
other case when we have raw vector measurements.The case where
attitude is given in the form of a DCM can be inferred from the
developmentpresentedin Ref. 11 and the way we handle quaternion
representationof attitude.

Estimation When Attitude Is Presented by the Attitude Quaternion
Let us assume � rst that the attitude is given in a form of a

quaternion.12 In this case, the � lter dynamics is as follows11:
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(61)

where

Q D

2

664
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q3 q4 ¡q1

¡q2 q1 q4

¡q1 ¡q2 ¡q3
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775 (62)

and the correspondingmeasurement equation is

qm D [04 £ 3 04 £ 16 I4 £ 4]
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4
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x

q

3

5 (63)

Like I4, the matrix I4 £ 4 is a fourth-order identity matrix. The com-
bined measurement equation consists of Eqs. (60) and (63), that
is,

µ
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qm

¶
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µ
C H .!/ 04 £ 4

04 £ 3 04 £ 16 I4 £ 4

¶2

4
!

x

q

3

5 (64)

Estimation When Attitude Is Given by Vector Observations
Traditionally, in space missions, attitude was determined from

vector observations. These observations can be used directly to
check the divergence of the angular velocity estimates.11 This is
shown next. Suppose that we have N vector measurements at a cer-
tain time point. Let ri be some abstract i th vector as expressed in
the reference coordinate system, and let bi be the same vector when
expressed in the body coordinates. From the laws of kinematics it
is known that

APri D Pbi C ! £ bi (65)

where Pri is the time derivative of ri as seen by an observer in the
reference coordinates, A is the matrix that transforms vectors from
the reference to body coordinates, and Pbi is the time derivative of
bi as seen by an observer in body coordinates. The vector bi is a
measured vector, and Pbi is its time derivative.We can write Eq. (65)
as follows:

Pbi D [bi £]! C APri (66)

Note that Pri is computable inasmuch as ri is usually known because,
generally, the vector is a direction to a certain known planet whose
location is given in an Almanac or, as with magnetometer measure-
ments, the vector can be computed using a model. (Note that quite
often the rate of changeof ri is so small that Pri is negligible). De� ne
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then we can augment all of the N equations of Eq. (66) into one
matrix equation as follows:

P̄ D B! C u (68)

Therefore, instead of Eq. (61), we obtain in this case of vector mea-
surement the augmented equation
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and the correspondingmeasurement equation is

¯m D [03N £ 3 03N £ 16 I3N £ 3N ]
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whereas the augmented measurement equation is
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Although it was not mentioned earlier, note that, to apply a KF
using the aforementioned models, white noise has to be added to
the dynamics and measurement models. The noise accounts for an
imperfect dynamics model and for measurement noise.

Compensation
To complete the calibration process we need to perform its sec-

ond stage, namely, compensation,where we eliminate the estimated
errors from the gyro readings. From Eq. (50c), we obtain

C!b D Ga ¡
£
Äm E Äk I4

¤
2

4
d

k

b

3

5 (72a)

As mentionedbefore,Ga is a vectorof thegyroreadingsand!b is the
(correct) angular velocity vector expressed in body axes. However,
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we donothave!b , which is whatwe are tryingto measure;therefore,
to computeÄm and Äk , which have to be computedusing!b , we use
the measured uncompensatedangular rate vector, which is derived
from the uncompensated gyro measurements that we called actual
and denotedby a. Alternatively,we can use O!, the estimated angular
rate vector. Also, we do not have the actual values of d, k, or b, but
rather their estimate; therefore, using the values on hand, Eq. (72a)
becomes

C O!b D Ga ¡
£
Äm

a E Äk
a I4

¤
2
64

Od
Ok
Ob

3
75 (72b)

where a denotes the actual values and the caret denotes estimated
vectors. Alternatively,we can use O! and obtain

C O!b D Ga ¡
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To obtain the compensatedmeasurementsof the angular rate vector
de� ne the M matrix as follows:

M D
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5 (73)

It is easy to verify that

MCT C D I (74)

Therefore, premultiplyingEq. (72b) by MC T yields
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or when using Eq. (72c)
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Simulation Results
To examine the new calibration process, a simulator was devel-

oped to produce the gyro, reaction wheel, and star tracker data.
Much care was devoted to the simulation because any dynamics
errors would be perceived by the KF as a state estimation error. A
maneuver strategy was developed to enhance the observability of

Fig. 5 SC calibration angular rate maneuvers.

the calibration parameters. The angular rate pro� le that resulted is
shown in Fig. 5. This particular sequence of rotations was chosen
to enhance the observabilityof the calibration parameters. Accord-
ingly, the sequenceis started with a zero maneuverduringwhich the
bias is estimated and removed if so desired. Next, the SC is rotated
about a gyro input axis. During this time period, the scale factor
of that gyro can be estimated, as well as the misalignment of the
orthogonalgyros, and so on. White noise was added to the readings
of the four gyros and to the measured quaternion. The gyro noise

Fig. 6 Gyro bias estimate (bold) vs truth (covered by the former).

Fig. 7 Gyro scale factor estimate (bold) vs truth (thin).

Fig. 8 Gyro misalignment estimate (bold) vs truth (thin).
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was drawn from a random number generator that generated uni-
formly distributed random numbers between ¡0.8 and 0.8 deg/h.
The quaternion measurement error was also simulated as a uni-
formly distributed noise between ¡10¡5 and 10¡5 for each of the
four quaternion components. Measurement update was performed
every second.

The KF was then executed on the simulated data. The biases
were estimated using the initial inertial period. The scale factor
and misalignments in� uenced by a rotation about a given axis were
observable and estimated when a maneuver was performed about
that axis. All states were estimated with less than a 1% deviation
from truth. The KF bias estimate can be seen in Fig. 6. The scale
factor estimate is presented in Fig. 7, and the misalignmentestimate
in Fig. 8.

Conclusions
We presented a new method of gyro calibration. Normally, we

have to calibrate a cluster of three gyros whose sensitive axes are
along the body axes. Here, the rate is read by four gyros only one of
which is aligned along the body coordinate axes. Therefore, a new
algorithm was devised for calibrating a skewed quadruplet rather
than the customary triad gyro set whose axes are aligned along the
body coordinate axes. In particular, a new model had to be devel-
oped for the gyro misalignment errors. Normally, the gyro outputs
are used to supply data for a differential equation, which is solved
to compute attitude. With the new method, the gyro outputs are
used as measurements, which are fed into a PSELIKA � lter. The
� lter uses attitude measurements, in the form of quaternions, and
the SC dynamics equation to estimate the gyro misalignment, scale
factors,and biases. The new calibrationalgorithmwas developedin
particular for the calibrationof the EOS-AQUA satellite gyros. The
effectiveness of the new algorithm was demonstrated through sim-
ulations with error of each estimated parameter being less than 1%.

Appendix: Example of Classical Gyro Arrangement
We consider a particular customary gyro arrangement,where the

sensitive axes of all four gyros coincide with one of the body axes.
The purpose of this example is to show that the general case treated
in the paper reduces in this case to well-known results.

Consider the four-gyro arrangement presented in Fig. A1. The
gyros G1, G2 , and G4, are aligned along the body x , y, and z axes,
respectively, and the G3 gyro is aligned along the negative body
y axis. Using Eqs. (38) with ° D 0 deg, we obtain the E matrix and
d for gyro 1 as

E1 D

2

4
0 0

1 0

0 1

3

5 (A1a)

d1 D
µ

d1y
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¶
(A1b)

Using Eqs. (23) with ® D 0 deg and ¯ D 0 deg, we obtain the E
matrix and d for gyro 2 as
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0 1

3

5 (A2a)

Fig. A1 Special gyro arrange-
ment.

d2 D
µ

d2x

d2z

¶
(A2b)

In a similar way, using ® D 0 deg and ¯ D 0 deg in Eqs. (31), we
obtain the correspondingE and d for the thirdgyro,which is aligned
along the negative y axis:

E3 D

2

4
¡1 0

0 0

0 1

3

5 (A3a)
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¶
(A3b)

Finally, the orientation of G4 of this special case is identical to that
of the AQUA G4 gyro. Therefore, from Eqs. (42),

E4 D

2

4
1 0

0 1

0 0

3
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¶
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Using these four Ei matrices and the four di column matrices in
Eqs. (43), we obtain from Eq. (44)
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This is the correct misalignment error that can be easily reasoned
for the gyro arrangement of Fig. A1.
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